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Abstract 



We consider orthogonal connections with arbitrary torsion on compact Riemannian manifolds. For the induced 
Dirac operators, twisted Dirac operators and Dirac operators of Chamseddine-Connes type we compute the spec- 
tral action. In addition to the Einstein-Hilbert action and the bosonic part of the Standard Model Lagrangian 
JH . we find the Hoist term from Loop Quantum Gravity, a coupling of the Hoist term to the scalar curvature and a 

prediction for the value of the Barbero-Immirzi parameter. 



1 Introduction 



In IICC97I Chamseddine and Connes introduced their spectral action which is motivated by eigenvalue counting 
of a Dirac operator In the high energy asymptotics the action gives the Einstein- Yang-Mills-Higgs Lagrangian 
of the Standard Model of particle physics (in its euclidean version) - given the Dirac operator is suitably chosen. 
rS^ ', The geometric setup for this Dirac operator Dg, is a 4-dimensional compact Riemannian spin manifold M without 

j^ ■ boundary, its spinor bundle SA/, a Hermitian vector bundle H encoding the particle content and a field $ of 

endomorphisms of H containing the Higgs field and the Yukawa matrices. 

This operator _D$ arises naturally in the framework of noncommutative geometry (see IICo94| and IICM08I ). where 
spinor fields with coefficients in H, i.e. sections of the twisted bundle I]M (E) H, find their correspondence in 
^ . almost-commutative geometries and the endomorphism field $ is interpreted as connection of the respective finite 

OO ' space. 

a^: 

00 , On the tangent bundle and on the spinor bundle we allow more general connections than the Levi-Civita connection, 

•/^ ■ namely we consider orthogonal connections with arbitrary torsion. By E. Cartan's classification ( IICa23l . IICa24l . 

^f) [ fCa251) the torsion then consists of three components: the totally anti-symmetric one, the vectorial one and torsion 

^^ ■ of Cartan type. The Cartan type torsion does not contribute to the Dirac operator whereas the other two components 

^N I do. In presence of vectorial torsion the Dirac operator is not symmetric, nevertheless its spectrum is descrete but 

in general not real-valued. For the physical consequences of the use of torsion connections in Lorentzian geometry 
we refer to the classical review [HHKN76| and the more recent overview [Sh02| and references therein. 



In this article we consider operators Dq, of Chamseddine-Connes type induced by orthogonal connections with 
torsion, and we permit that the twist bundle H may have a chiral asymmetry, i.e. the number of right-handed 
particles differs form the number of left-handed ones. We aim at computing the spectral action for the restriction 
of _D|,D$ to sections of the physically relevant subbundle of SM0H. To this end we derive various Lichnerowicz 
formulas in order to determine the Seeley-deWitt coefficients which appear in the asymptotics of the spectral action. 



Our main result is Proposition 13 .9 1 Here the spectral action contains more terms than in the classical situation of 
IICC97I . Some of them vanish if H has a chiral symmetry, the other ones are zero for the Levi-Civita connection. 
We find the Hoist term from Loop Quantum Gravity ( IRo04I . ITh07 l). a coupling of the Hoist term to the scalar 
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curvature and a prediction for the value of the Barbero-Immirzi parameter: it turns out that its value depends on 
the particle content and its absolute value is at least one. We discuss all these terms in Remarks 13.1 0143 . 1 2l 

We hope to improve the readability of this text by transfering technicalities such as curvature identies and calcula- 
tions for characteristic classes into the appendices A-C. 

Acknoledgement: The authors appreciate financial support from the SFB 647: Raum-Zeit-Materie funded by the 
Deutsche Forschungsgemeinschaft. We would like to thank Christian Bar, John W. Barrett and Thomas Schiicker 
for their support and helpful discussions. 

2 Heat Coefficients for Dirac Operators 
2.1 Preliminaries and Definitions 

Let M be a manifold of dimension n > 3, equipped with a Riemannian metric g. Let V^ denote the Levi-Civita 
connection on the tangent bundle TM . We consider an orthogonal connection V on TM i.e. V is compatible with 
g in the sense that for all vector fields X, Y, Z one has dx {Y, Z) = {V xY, Z) + (Y, VxZ), where (•, •) denotes 
the scalar product given by g. Such connections were first investigated by E. Cartan in 0Ca23l ICa24l ICa2 51. In 
this article we will use the notation from LPS 12. Sect. 2]. It is known (see IITV83I Thm. 3.1]) that orthogonal 
connections have a specific representation. To that end one introduces the space of Cartan type torsion tensors at 

TsiTpM) = {Ae(g)V;Af yX,Y,Z : A{X,Y,Z)+A{Y,Z,X)+A{Z,X,Y)=0, 

A{X, Y, Z) = -A[X, Z, Y) and ci2(A)(Z) = o| 
where Ci2 denotes the trace taken over the first two entries, i.e. 

n 

for an orthonormal basis ei , . . . , e„ of TpM. 

Lemma 2.1 (Cor. 2.4 in IIPS12I ) For any orthogonal connection V on the tangent bundle ofM there exist a unique 
vector field V, a unique 3-form T and a unique (3,0) -tensor field S with Sp G Ts {TpM) for any p E M such that 
for any vector fields X, Y one has 

^xY = V^y + {X, Y)V - {V, Y)X + T{X, F, -f + S{X, Y, •)" (1) 

where T{X, Y, •)« and S{X, Y, •)" are the unique vectors characterised by T{X, Y, Z) = (T(X, F, -f.Z) and 
S{X,Y,Z) = {S{X,Y,-f,Z)forallZ. [H] 

For (fc, 0)-tensors P, Q G (^ T*M we will use the natural scalar product given by 

{P,Q) = X! -F'('3»i.---)eiJ •Q(eji,...,eiJ (2) 

il,---,ik 

where ei, . . . , e„ is again an orthonormal basis of TpAI. The induced norm is denoted by ||P||. 
The curvature tensors of an orthogonal connection V are defined as 

mem{X,Y)Z = VjfVyZ - VyVj^ Z - V[x,y]^, (3) 

viemiX, Y,Z,W) = {Ricm{X,Y)Z,W), (4) 



TiciX,Y) = ^riem(e„X,r,e,), (5) 

i=l 

n 

R = ^ric(ei,ei). (6) 

For V = V^ we write Riem^, riem^, ric^ and R^, respectively. The relevant calculations for norms of these 
curvature tensors are postponed into Appendix lA] 

From now on, let us assume that M carries a spin structure in order to have spinor fields. In particular, M is then 
orientable. Any orthogonal connection V as in ([T]i induces a unique connection on the spinor bundle SAf (see 
IILM89I Chap. II. 4] or | |Ag06[ p. 17f]) which is denote by V. Then the Dirac operator associated to V is given by 

D^p^DS^jj+^T-iP-^V -i; (7) 

where D^ is the Dirac operator associated to the Levi-Civita connection and "•" is the Clifford multiplicatiorlj 
(compare equation (11) in UPS 111 ). As the Clifford multiplication by the vector field V is skew-adjoint we get 
that D is a symmetric operator in the space of i^-spinor fields if and only if 1^ = (see IIFS79II and BPS12L and 
|GS87 1 for the Lorentzian setting). Note that the Cartan type torsion S does not contribute to the Dirac operator D 
(see e.g. IIPS12i Lemma 4.7]). As D*D is a generalised Laplacian one has a Lichnerowicz formula. 

Theorem 2.2 (Thm. 3.3 in OPS 111 ) For the Dirac operator D associated to V we have 

D*D^ = A^j + \R^ i; + ^dT ■ tP ^ ^\\Tf iP 

+ li_J. div»(F) i; + {^f (2 - n) \V\^ ^ 

+3(71 -l)(T-V-tP+ [VaT) ■ V-) (8) 

where A is the Laplacian associated to the connection 

for any spin or field ip. Ib\ 

We note that the spinor connection V is induced by the orthogonal connection on the tangent bundle given by 

VxY - V^y + (n - 1) • {{X, Y)V - {V, Y)X) + 3 • T{X, Y, ■)K (9) 

It is a modification of V as in ([T) obtained by replacing T by 3T, y by (n — 1)V, and S by zero. 

For the case of totally anti-symmetric torsion, i.e. V = 0, the above Lichnerowicz formula is due to Agricola and 
Friedrich (Theorem 6.2 in [AF04J ). 

2.2 Heat Coefficients 

Let M be an compact n-dimensional Riemannian manifold without boundary, let £ — > i\f be Riemannian or 
Hermitian vector bundle. Let H he a generalised Laplacian acting on sections in £, i.e. the principal symbol of H 
is given by the Riemannian metric of M. We assume that H is symmetric in the space of L-^-sections in £, then the 
general theory ( IIBGV96I Prop. 2.33]) states that H is essentially selfadjoint. Then there exists a unique connection 
V^ on £ which is compatible with the Riemannian or Hermitian structure, and there is a unique smooth field E of 
symmetric endomorphisms of £ such that the Bochner formula 

H = A" - E (10) 



' For the Clifford relations we use the convention X-Y + Y-X = —2g(X, Y) for any tangent vectors X, Y, and any fc-form6*i A. . ./\9^k 
acts on some spinor ?/) by 0'i A ... A 0*'= ■ i/" = eii ■ ■ • . ■ e^ ■ ■(/>. 



holds, where A^ denotes the Laplacian associated to V^ (see IIBGV96I Prop. 2.5]). 

By elHptic regularity theory H is a smoothing operator, and therefore exp(— ti/) possesses a smooth Schwartz 
kernel kt {x, y) ^ £x<E) £* with t > 0, x, y e A/, called the heat kernel for H. On the diagonal {x = y} <Z M x M 
the heat kernel has a complete asymptotic expansion, as i \ 0. 

Theorem 2.3 (Lemma 1.8.2 and Theorem 4.1.6 m fGi951) For any integer (.>{) there is a smooth field a2£ (H) 
of endomorphisms of £ such that the short time asymptotics 

kt{x,x) r^^t'^-'^/^a2i{H){x) ast\0 

holds uniformly in all x £ M. For V^ and E as in ( fTOb the first of these endomorphism fields are 

a„{H){x) = (4^)-"/2 idf,, 

a2iH)ix) = (4^)-"/2 {Eix) + i R^ix) id^J , 

n 

ai{H){x) = (47r)-"/2 gip f60(Ag£;)(a:)+60i?»(x)£;(a;) + 180-B(x)2 + 30 ^ ^^jVt.j 

+ (12 (A9i?9)(a;) + 5 {R\x)f ~ 2 || ric^ f + 2 || ricm^ f ) idf^ 

where Vtij = V^ Vf^ — Vf^ V^ — Vi^^ e i ^^ ^^^ curvature endomorphism ofV^ on the fibre £x taken with respect 
to an orthonormal basis ei, . . . , e„ ofTpM. Furthermore V^ induces a connection V^ on the endormorphism 
bundle End(£), and A^ denotes the associated Laplacian. [s] 

From the asymptotics of the heat kernel on the diagonal one deduces the asymptotics of the heat trace. 

Corollary 2.4 Let M be a compact Riemannian manifold without boundary, let £ -> AI be Riemannian or Her- 
mitian vector bundle. For a generalised Laplacian H acting on sections in £ we choose V^ and E as in ( fTOl i . Then 
one obtains the short time asymptotics of the L^ -trace of the heat operator, as t\0, 

Tri.(e-*^) ^ Y.t'-/'a2,{H). (11) 

i=o 

with a2i{H) == Jj^j trg^ (a2i{H){x)) dx m 

The numbers a2i{H) are called the heat coefficients or the Seeley-deWitt coefficients. Theorem l2. 31 gives 

ao{H) = (47r)-"/2 j-j^^^) . vol(M), 

a2(iJ) = (47r)-"/2 f ftrs^(E{x)) + ^vk(£)-R9{x))dx, (12) 

« n 

a^iH) = (47r)-"/2 _i_ / Uq r\x) iisAEix)) + 180 ii£^{E{xf) + 30 V tr^^ (^,17,^) 

+ rk(f ) (5 {R^{x)f - 2|| ric^ f + 2|| riem" f\ dx. (13) 

For the evaluation of a4(iJ) one uses tr£^{{l\^E){x)) = A5(tr£ E){x) and the fact that J^j{Asf){x) dx = 
for any smooth function / on M. 



Now we assume that the bundle £ is Z2-graded, i.e. there is an orthogonal decomposition £ ~ £^ £~ which 
is parallel with respect to V^. This means there exists a parallel field P of endomorphisms of £ such that P is 
pointwise the orthogonal projection of £ onto f "*". 

In all cases which occur in this article one has PE = EP for the endomorphism E from the Bochner formula 
( [Tol l. Then i/ is block diagonal with respect to the decomposition of the space of sections r(£) = r(£"'")©r(5~) 
and P commutes with H, i.e. for any section ^ e ^{£) we have PH"^ — HP'i'. We put i/+ = PH and notice 
that _ff+ is a generalised Laplacian acting on sections of £+. Its heat kernel is given by k^{x,y) ~ P{y)kt{x,y) 
for t > 0, x,y E M and for the corresponding coefficients in the heat kernel asymptotics of Theorem l2.3l one has 



a2i{H+) = P a2t{H) (14) 

pointwise on M and similar formulas for the Seeley-deWitt coefficients in (fTTT i. 

3 Connes' Spectral Action Principle and Chiral Projections 

Now we specialise to the case of a 4-dimensional manifold M, a Riemannian or Hermitian vector bundle f — > M 
and a generalised Laplacian H acting on sections in £. Next, we want to consider the Chamseddine-Connes 
spectral action (see ICC97I ) for the generalised Laplacian H. For A > it is defined as 

Icc{H)^TrF{^) 

where Tr denotes the operator trace over L'^{£) and F : M+ — > M+ is a smooth cut-off function with support 
in the interval [0, +1] which is constant near the origin. Using the heat trace asymptotics one gets an asymptotic 
expression for Icc{H) as A — > oo (see ICC 1 01 for details): 

Icc{H) - Tr F {^) = A^ F^ a^{H) + A^ F2 a2{H) + A" Fq ai{H) + 0(A-°°) (15) 

with the first three moments of the cut-off function which are given by i^4 = J„ s ■ F{s) ds, F2 — L F{s) ds 
and Fq — F{0). These moments are independent of the geometry of the manifold. 

From now on we always assume that M carries a spin structure so that the spinor bundle is defined and so are 
Dirac operator, twisted or generalised Dirac operators on M. Connes' spectral action principle ( [Co95l , IICo961 ) 
states that one can extract any action functional of interest in physics from the spectral data of a Dirac operator. 

In IICC97I Chamseddine and Connes have considered an operator £)$ which is the sum of a twisted Dirac operator 
(based on the Levi-Civita connection V^ on M) and a zero order term. Taking H — (D^)^ in ( fTSl l they recovered 
the Einstein-Hilbert action in 02 (H), and in the remaining terms in (flSl l they find the full bosonic Lagrangian of the 
Standard Model of particle physics. In particular Icc(H) produces the correct Higgs potential for electro- weak 
symmetry breaking. 

In the following we consider various Dirac operators V induced by orthogonal connections with general torsion 
as in ([T]i. We will consider H = V*!) (since V is not selfadjoint in general) and the corresponding Seeley-deWitt 
coefficients in JTSl l. If the twist bundle has a chiral asymmetry terms known from Loop Quantum Gravity ([R0O4], 
IITh07l ) arise. The situation with purely anti-symmetric torsion has been examined before (in jHPSTOjj, liILVlOl . 
IIPS12II ). and there also are results on Dirac operators with scalar perturbations (in LSZlTI ). 

3.1 The Bosonic Spectral Action 

First we consider the case where the vector bundle £ is the spinor bundle EM and the generalised Laplacian 
is H ^ D*D where D is the Dirac operator as in (|7}. The Chamseddine-Connes spectral action of D*D is 
determined if one knows the second and the fourth Seeley-deWitt coefficient. Those can be calculated. 



Proposition 3.1 Let C^ denote the Weyl curvature of the Levi-Civita connection (as in Lemma \A.22\) and let 
x{M) denote the Euler characteristics of M , and let R be the scalar curvature of the modified connection V (given 
in ^). Then one has 

a2{D*D)^~^ f R{x)dx, 

JM 

a^(D*D)^^^x{M)-^^ f WCsfdx^^ f (\\5Tf + \\diV')f)dx 

Proof. From (l46T l we have 

i? = i?9 + 18 div»(V^) - 54 \Y\^ - 9 \\Tf. 

We obtain ai{D*D) inserting (|59]l into (fT2] l. 

We denote the Riemann curvature of V by riem and recall (compare Corollary 4.10 in UPS 121 ) that 

2 



^trs(ayfiy) = -i 



(16) 



*.j 



In order to evaluate a4{D*D) we insert the trace formulas (|59) and (l60t into (ITJt and we apply Lemma lBTI for V 
to obtain 

a,{D*D) = ^ f iiiR^r - ill ric« IP + ^11 riem^ IP " il|C^lP) dx 
Jm 

+ ^ l^^{~9\\STr-9\\diV')r) dx. 

The first integral term on the right hand side equals ^ xiM) - 55^ /m II ^^ II ^ dx, see IICC97II and BCCIOI . and 
the claim follows. 

Remark 3.2 In the case of totally anti-symmetric torsion, i.e. V = 0, formulas for these Seeley-de Witt coefficients 
have been given in llGoSOll . Il0bg3ll . Il&g6l . IIHPSIOI . IIILVIOI . llPST2l . 

Next we consider the volume form cj^ acting on the spinor bundle SAf . Setting P = P+ = i (ids +w^) we have 
a parallel field of orthogonal projections. If we now calculate the Seeley-de Witt coefficients of iJ+ = P^D*D 
we obtain relations to Loop Quantum Gravity. The Hoist terni^ for the modified connection V is the 4-form 

Ch = 18 (dT - (T, *V^)ujA , (17) 

see Proposition 2.3 in IPS 111 and its Erratum. 

Proposition 3.3 Let C^ denote the Weyl curvature of the Levi-Civita connection, and let R be the scalar curvature 
of the modified connection V. Denote the Euler characteristics of M by x{M) and the first Pontryagin class of M 
bypi{M). Then one has 

a^{P+D*D) = -^ j {Rua + CH) 

a4P+D*D) = T^x{M) - ^Pi(M) - ^^ f WC^^ dx, 

JM 

-^ I iWf + \\d{V'W)dx + j^ I RCh. 
Jm ^ ' JM 



^Before IHo96l this density already appeared in IHMSSOU , a sketcii of its history can be found in IBHNllI Section III.D] 



Proof. For any £ > we have 

a2i{P+D*D) = \a2i{D*D) + \ [ iT^{a2i{D*D)ujS) dx, 

JM 

SO we only need to calculate J^^ tr^ {a2i{D* D) uj^) dx for ^ = 1,2. 

Since trs(a;S) = we have (47r)2 trs(a2 w^) = trs(i?cj«'). From dSB we get trs(i?w5)a;S = -\Ch and 
therefore 

/ trs(a2Ki5*^)w^)da;--48^ / Ch- 
Jm Jm 

We use trs(a;^) = again to obtain 

4 

/ trs {a^{D*D)Lo3) dx ^ j^ [ (^R^ ir^{Euj'^) + \ ti;:{E^ uj^) + j^ V trs {a.^n^j uj^)) dx. 
Jm Jm ^ ,,^^.^i ^ 

The explicit formula for fiij in terms of the Riemann curvature riem (Theorem 4. 15 in I1LM89I Chap. II]) gives 

y^ trs {fliji^tj uj^) ^ jQ ^ riemyfc;riemy„i„ trs {ekeiCmen ^'^) 

— J (riem, idA2 (X) * (riem)) 
where we use the notations from Appendix lA. 21 By (|50] | we get 



Jm , „■ 



(18) 



'*^ ^,3 



From (|62]i we obtain trs(£'^ w»)i:j9 = tl(2-R^ + R)Ch, and with trs(£'i:j9)^s = -i C^ we are done. 

The second Seeley-deWitt coefficient a2{P^ D* D) coincides with the Hoist action for V with critical Barbero- 
Immirzi parameter —1, see UPSlll . 

It is no surprise that one finds the first Pontryagin class and the integral of the derivatives of T and V in the fourth 
Seeley-deWitt coefficient a4^{P^D*D). The authors did not expect that the integral of the product of the scalar 
curvature R and the Hoist term Ch occurs. The next Lemma shows that J^^ R Ch is not a topological term. 

Lemma 3.4 For any compact oriented A-dimensional manifold there exists a Riemannian metric g and a 3-form 
T such that J^^ RS dT ^ 0. 

Proof. First we fix some arbitrary (smooth) 3-form T with support supp(T) contained in an oriented chart. For 
any Riemannian metric g we find a smooth function /^ such that 

dT = /9 ^dx^ A dx^ A dx^ A dx^ 

in this chart. W.l.o.g. we assume that /^(p) > for one point p in the chart. Since ^ > we observe that the 
set A = {/^ > 0} does not depend on the choice of g. Next we choose a smooth function K G C°°{M) with the 
following properties: on some open set, which is contained in A, one has iiT > 0, on the set supp(T) \ A one has 
K = Q, and there is a point q £ M\ supp(T) with K{q) < 0. By a classical result by Kazdan- Warner MKW75I 
Theorem 1.1] one can find a Riemannian metric g on M with R^ = K. For this g one has Jj^^ R^ dT > 0. \b\ 

Corollary 3.5 Neither ^j^^RCh nor--^Jj^j {\\ST\\^ + \\d{V^)f) dx + tT^Im^^h (which is the sum 
of the last three terms in ai{P^ D* D)) are topological invariants. In particular, both are non-zero in general. 

Proof. If one of the above terms were topological its value would be independent of the choice of T and V . 
Rescaling T and V independently would imply that the term in Lemma [34l would always vanish. [5] 



Remark 3.6 Using considerations involving the Pontryagin class (see Remark IB .4b it is possible to express 
^j^j R Ch in terms of the Ricci curvature. 



3.2 Particle Lagrangians 

In the models of particle physics the matter content is encoded in a Hermitian vector bundle H -^ M equipped 
with a connection V^. As in the preceeding sections we consider an orthogonal connection V as in ([T]) inducing a 
connection on the spinor bundle SAf, which we denote again by V. The tensor connection on the twisted bundle 
£ = YjM (g) Ti, induces the Dirac operator D-u which is given by 

4 

Dh{^ ®x) = Y. ((e» ■ Ve.^) ®X + {e,-i^)® (Vl^x)) (19) 

i=i 

for any positively oriented orthonormal frame ei , . . . , 64, any section ip of SAf and any section xofH- For further 
calculations we define the auxiliary orthogonal connection V° by 

v5fF = v^r + r(x,r, •)". (20) 



Proposition 3.7 For the twisted Dirac operator D-u we get 

D*uDn{i^ ®X) = A^(V^ ® x) - {E^) ®X~\ ^(e^ • e^ • V-) ^ ^fjX (21) 

where A^ is the Laplacian associated to the tensor connection 

V = V «) id« + idsA/ (X'V^ 
and i^f; — VV-VV- — VV- WV' — VV- , is the curvature ofW^ and E is the potential in the Lichnerowicz formula 

^j ^i '-j '-j *-i [ei.ej\ ^ 

of the untwisted Dirac operator D as in ( l53T l. 

Proof. Given a point p G M, we choose the positively oriented orthonormal frame ei , . . . , 64 about p synchronous 
in p with respect to V". The connection V" has been considered in the Appendix of IIHPSIOJ to which we refer 
One has Vf e^ = in p. For the twisted Dirac operator we get 



i=l 
4 



This yields 

4 4 

D*^Dn{yJ ® x) = (^*^V^) ® X + E (e^- • ej ■ V^) ® (Vl^ V^x) - 2E(V0^V^) ® (V«x) 

ij — 1 z— 1 

4 

+ 3E(V^-e, + (F,e,))-^®V«x. 
With © we find 

VxV- = v^v - (^^r) . V; - |y • X • ^ - §(y, x)V'. 

which leads to 

_ 444 

A^(^ ® X) - (AV^) ® X - 51 V^ ® (Vl^V^x) - 2 5](V0^ V) ® (V«x) - 2 ^^(e.^r) • ^ ® V«x 

2 — 1 i— 1 2 — 1 



•3^(F-e, + (V^,e,))-V®V«x- 



Taking the difference D^Df^ — A^ we see that all terms containing V explicitly drop out and we are in a situation 
as in the Appendix of OHPSIO I . 

Here we recall that the curvatures of V, V and V^ are related as follows (see e.g. (20) in HHPSlOl ): 

^^(V'®x) = (a,^)®X + V'®(f^I^x)- (22) 

Let $ be a field of selfadjoint endomorphisms of the vector bundle 7i. We call $ the Higgs endomorphism. Adding 
a zero order term to the twisted Dirac operator we obtain the Chamseddine-Connes Dirac operator 

D^{il^ <S) x) = Dn{-4"» X) + (^^ • V') «) (* X) 
for which one has the following Lichnerowicz formula. 

Proposition 3.8 For the Chamseddine-Connes Dirac operator Dq, we get 

DlD^{^(g>x)=^^{ip®x)-E^{^,®x) (23) 

where A^ is the Laplacian associated to the tensor connection 



V = V «) id« + idsAf ^V^ 



and the potential i?$ is given by 



E^i^P (g>x)^ (E^J) ® X + i ^(e^ • e, • ^) (g> flgx + J2^^' ■e^■^P)® [V^, $]x 

i^j i 

-V«)(*^x)-3(y-w9-7/.)(8)($x)- (24) 

Proof. The auxiliary connection V" from (|20] | a induces connection on the spinor bundle EAf . By D" we denote 
the associated twisted Dirac operator acting on section in SM (g) T-L. From [,FS79i one can conclude that D" is 
self-adjoint. As in (9) of IHPSIOII we have 

(£>" (a;9 ® $) + (tj9 $)i:)0) (V- (8) x) = - ^(tj^ • e, • V) [v2,$]x. (25) 

i 

Furthermore we have the relations 

Dnii^ ®X) = D"{ijj «) x) - i(^ • V') «) X and D*^{^1; «) x) = D°{^ ® x) + UV • V) «) X- (26) 

Combining dZST l and ( l26b we get 

{d;^ {uja ® $) + {uj3 <^)Dn) (V- ^X) = -J2^^' ■ e» ■ V') (^ [V^, $]x + 3 (F • w^ . ^) ^ ($ ^). (27) 

From the definition of the Chamseddine-Connes Dirac operator it follows 

DID^ = D*^Dh + £>« (w^ (» $) + (cj3 (g) $)!)„ + idsM ®$^. 
Into this we insert the Lichnerowicz formula (l2ll and equation (l27T i and obtain the claim. IhI 

In realistic particle models there are fermions of different chirality. The mathematical description of this is a Z2- 
grading of the vector bundle Ti. = T-V~ ® Ti.^. We may have dimH'' 7^ dimH^, in that case we speak of chiral 



asymmetry. Let 7 denote the corresponding chirality operator, i.e. one has jln^ — id^. and j\-f^i — — id^^. In 
the following we assume that the endomorphism field 7 is parallel with respect to V^. 

On the other hand the volume form u^ induces a Z2-grading of the spinor bundle SAf = S+M ® E^A/ such that 
w^|e±a/ = ±idE±A/- 

Motivated by experiment one considers the subbundle £+ = (S+Af (g) W) ® (E" Af » V.^) of £ = SAf (g) H. 
Then the orthogonal projection field P : 5 — > 5+ can be expressed as 

P^^ (idsM ® id« + a;» (g) 7) , (28) 

and P is therefore parallel. 

Finally we want to determine the asymptotic expression of the Chamseddine-Connes spectral action Icc{H~^) for 
H^ = PD'^D^ as in ( fTSl l. To that end we just need to calculate the first three Seeley-deWitt coefficients. We 
denote the scalar curvature of the connection V by i? and the Hoist term for V by Ch as before. 

Proposition 3.9 For H^ = PD^D^ one gets 

ao{H+) = ^ vk{H) vol(Af), 

hi \ rk(-H) / JM 



a.iH-)-^W^ IjR^^+'-^C,)-^ I tM^^)d., 



«4(i?+) = iil^x(M)-^^Pi(M)-|^/ WC^^dx-'-^ f (\\STr + \\d{V')r)dx 

JM JM ^ ^ 

+ ^^ [ RCH + ji^ f (tr„([V«,$]2)+tr«($4) + i(i?S-9||rf)tr„(<l>2))dx 

JM JM 

+ W^ f trn{^^l)CH + jgi^ I iyH{^'^^'^)dx+^ f iy^[*n^n^^)dx 

JM JM JM 

with the abbreviations [V", $]2 = ^JV^, $][V^, $], n'^Q'^ = J2^,J ^Ij^lj ^nd ^Vi^n'^ = E».j(*^Ij)^Ij- 
Proof. For all following calculations we use (fT4l i. We note that tr£(a;^ ® 7) = trs(a;^) tr-H(7) — and get 

ao(i?+) = (47F / trf(F)da; = ^^^ rk(H) vol(Af). 

JM 

Now we make the standard observation that for 1 < A: < 3 and ii,...,ik pairwise distinct one has that 
tri;(eij ■ ■ ■ Gi^) — trs {uj^ei-^ ' ' ' ^ik) — ^- For '^he traces of the potential E^ from (l24l l we then get 

tr£(^$) = trs(^) rk(H) - 4 tr„($2), (29) 

tr£(S$(w5 ® 7) = trs(£;w3) tr^(7). (30) 

Hence the second Seeley-deWitt coefficient is given by 

a2{H+) = 32^ / (tr£(-B*) + \R3 rk(£:)) dx + ^ f {tT£{E^{coS ^ j) + I R9 treioj^ ^ 7)) dx 

JM JM 

(rkCH) trs(£;) + I rkCH) R^ - 4tr«($2)) dx + i^fi# / trs(^a;9)da;. 



Now we insert (|59] l and dFTT l and obtain the formula for a2{H^) in the Proposition. 
To evaluate ai{H^) we use Theorem l2.3l and (fT4l i and obtain 

a4(H+) - (4^)2 3^ / (30i?3(tr£(£;$)+tr£(^$(c^S(g7)))+90(trf(^|)+tr£(^|(L^9^7))) 
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15 ^tr, (n^n^) + 15 ^tr^ (f},^f},^(..^ ® 7)) 



*j «j 



+ treiP) (5(i?9)2 _ 2|| ^cS f + 2\\ ricmS f ) j da; (31) 

By means of (l22l) we identify the terms containing il^ as 

tr£ ( J2 ^M) = rk(H) trs ( ^ f).,l^.,) + 4 tr„ ( ^ f7«fi«) (32) 



2J «J JJ 



ti-f ( ^ f^,^a^(c<.» ® 7)) = ti-nh) trs ( J2 ^rj^v^') (33) 

where we have used (l22T i and trs(a;^) = 0. In order to evaluate the traces that involve £'| one has to write down 
more than two dozen of terms. Then one has to check that in the trace most of these terms vanish due to the Clifford 
relations and the cyclicity of the trace, similarly as in HHPSIOI equations (11) and (12)]. The traces are 

trsiEl) = rk(H) tME^) + tr„ ( ^ r!«f]«) + tr„ ( 5][V«, $]2) + 4 tr„($4) 

- 2 iT^{E) tr«($2) + 36 |T/|2 tr„($2) + 12 dy trw($2), (34) 

tr£(^|(^s^7))=tr«(7)trs(£;2c.3)+tr„(;^(*f]^)fl«7)-2trs(^c^»)tr„($2^). (35) 

Integration by parts gives J^^ 5y tr-H($^) dx = — Jj^j div^(F) tr-H($^) dx. We integrate the last three summands 
in (|34]l and find with (|59]l that 

/ (-2trs(-B) + 36|V^p-12div9(F)) tr«($2)rfa; = 2 /" (i?^ - 3|lrf ) tr« ($2) rf^:. (36) 

To conclude we insert ( |29] |, (|30] | and equations (|32]|-(|36]| into (ISTT i and observe that the occuring terms can be 
arranged in following way: 

a4(-ff+) = ^ / iY^{oi^{D*D))dx^'^^ f tr^ {ai{D*D)Lu9)dx 
Jm Jm 

Jm 
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^ / tr«(f7^fl«)dx+g43_^ / tr«(*f]«f^«7)dx. 

JM JM 



The terms j^^ tr^ (q;4(Z?*_D)) da; and J^ trs (q;4(I?*I?) w^) dx have already been computed in Propositions 13. II 
and l3.3l To simplify the term tj:^{EujS) we take equation (l6lT l into account. 

In the following remarks we want to discuss the terms in 02 (-ff^) and a4(iJ+) which seem interesting to us. 

Remark 3.10 a) In ai{H^) one recovers the Yang-Mills functional /^^ iY-^{Vt^^^) dx. For the Standard Model 
of particle physics the details have already been given by Chamseddine and Connes in IICC97L see also IIIKS97L 
b) If Ti, is an associated bundle the term Jj^^ tx-u (*Sl^ri^7) dx is topolgical and can be expressed by Chern classes 
(compare (4.66) in | LMMS97j ). Details for the Standard Model can be found in liCClOJ . equation (7.5) and the 
discussion thereafter. 

Remark 3.11 a) The roles of y and T seem dual to each other in the dynamical term /^^^ (||(5r|p + ||(i(V^^)|p) dx. 
But by the term /^^ {R^ — 9||T|p) ixu{^^) dx only the anti-symmetric torsion component T couples to the Higgs 
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endomorphism. 

b) If the relation 7$ = — $7 holds, which is the case in models based on the axioms of noncommutative geometry 
f llCo94l . flCC97l . ICC 10 1) the trace tr^($^7) is zero and the term /^ tr^($^7) C_ff vanishes. Otherwise the 
vectorial torsion component V couples to $ (via the Hoist term Ch)- 

Remark 3.12 Up to a multiplicative constant the term /^^ (_Ra;^ + ^wjl Ch) coincides with the Hoist action for 

the modified connection V with Barbero-Immirzi parameter —YiT) (whose modulus is larger or equal to 1). A 
different derivation for the numerical value of the Barbero-Immirzi parameter in a similar situation can be found 
in llBSTOll . 

A Norms and Decomposions of Curvature Tensors 
A.l The Kulkarni-Nomizu Product 

In this section let U denote an n-dimensional real vector space, equipped with a scalar product g. 

Deflnition A.l For two (2, 0)-tensors h and k onU the Kulkarni-Nomizu product is the (4, 0)-tensor h & k given 
by 

(h © k){X, Y, Z, W) = h{X, Z)k{Y, W) + h{Y, W)k{X, Z) - h{X, W)k{Y, Z) - h{Y, Z)k{X, W) 

for any X, Y,Z,W e U. 

We would like to point out that we do not require h and k to be symmetric. This deviates from the usual definition, 
see e.g. 0Bes87l Def. 1.110]. In any case we have h(I3 k — k (13 h. 

Following the usual conventions S'^U* denotes the space of symmetric (2, 0)-tensors on U, and A'^U* is the space 
of anti-symmetric (2, 0)-tensors. 

We recall that for any (2, 0)-tensor k onU the trace (or g-trace) is given by 

n 

tTg{k)=J2HE^,E,) 

i=\ 

for any basis E\^. . . ^ En of U which is orthonormal w.r.t. g. For a (4, 0)-tensor Q the Ricci contraction c{Q) is 
the (2,0)-tensor 

n 

1=1 

for any 5-orthonormal basis Ei, . . . , £'„ of U and any X,Y £ U. 
Elementary calculations show: 

Lemma A.2 Let k and h be a (2, 0)-tensors on U. Then one has 

a) The Ricci contraction of the Kulkarni-Nomizu product is c{k(B g) = (2 — n) fc — tr^ {k) g. 

b) {k ® g,h (13 g) — 4(n — 2) (fc, h) + 4 trg(fc) • tig{h), where (, ) denotes the natural scalar product for 
(fc, 0)-tensors as in (|2]l. In particular one obtains for the norms \\k (13 gW^ = 4(n — 2)||fc|p + 4(trg(/c))^ and 
||5®5lP = 8n(n-l). 
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The Bianchi map b : ^ C/* — > (^ [/* is an endomorphism of the space of (4, 0)-tensors, mapping Q i-^ b{Q) 
with 

biQ){X, Y, Z,W) = l {QiX, Y, Z, W) + QiY, Z, X, W) + Q{Z, X, Y, W)) for any X, Y,Z,W & U. 

It is known ( IIBes87l 1.107]) that b is an idempotent, and one easily checks that b is symmetric w.rt. (, ). Therefore 
b is an orthogonal projection. 

Let S'^{A'^U*) denote the space of (4, 0)-tensors on U that are anti-symmetric in the first and the last pair of their 
entries and with the symmetry Q{X, Y, Z, W) = Q(Z, W, X, Y) for any X, Y,Z,W e U. 

Note that b leaves S'^{A'^U*) invariant, thus S'^(A^C/*) orthogonally decomposes into the kernel and the image of 
b. One calls 

n{U*) = S^iA'^U*) n ker(6) (37) 

the space of algebraic curvature tensors, compare IIBes87l 1.108], furthermore one has S'^{A'^U*) n im(&) = 
A^U*. 

Remark A.3 In general for an orthogonal connections the associated curvature tensor riem is not an algebraic 
curvature tensor, it is not even contained in S'^{A'^U*). 

Remark A.4 For fc, /i e S'^U* we have k®he n{U*). 

According to the conventions of IIBes87l one defines SqU* = {h e S'^U* \ tr g{h) = O}. 

The following classical result is called the Ricci decomposition of an algebraic curvature tensor, see (1.116) in 
IIBes87L For Q G 'JZ{U) the algebraic scalar curvature is s(Q) = tig (c((5)) e M and the algebraic tracefree 
Ricci curvature is h{Q) — c{Q) — -s{Q) g G SqU*. The algebraic Weyl tensor wey\{Q) is defined as 

weyl(Q) =Q + ^ h{Q) ©g+ ^^^^ s{Q) -g^g. 
Then the three summands in the decomposition 

Q = - 2n(n-i) «(Q) • 3 ® 3 - 7^ KQ) ®9 + weyl(Q) (38) 

are orthogonal with respect to the natural scalar product for (4, 0)-tensors given as in Q. 

Remark A.5 An important property of the algebraic Weyl tensor wGyl(Q) is that it is tracefree in any pair of 
entries. In particular, for any (2, 0)-tensor k it follows that the (4, 0)-tensors wey\{Q) and fc © 5 are perpendicular. 

Remark A.6 The algebraic Weyl tensor vanishes, wey\{Q) = 0, if n < 3, and the algebraic tracefree Ricci 
curvature h{Q) is zero if n < 2. 

Finally, let A^(A^[/*) denote the space of (4, 0)-tensors on U that are anti-symmetric in the first and the last pair 
of their entries and with the symmeti-y Q{X, Y, Z, W) = -Q{Z, W, X, Y) for any X, Y,Z,W G U. 

For any k G A^U* we note that k & g G A^{A^U*). If we take k = c{Q) for Q G A^{A^U*) we can give an 
orthogonal decomposition similar to i 



Lemma A.7 For any Q G A^(A^C/*) the two summands in the decomposition 

= -;i^c(g)®g+ (Q + ;^c(g)®g) (39) 

are orthogonal with respect to the natural scalar product for (4, 0)-tensors. 
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Proof. For Q, P € K^{K^U*) one verifies c{c{Q) ® g) = {2 - n) c{Q) and (P, c{Q) © g) = {c{P) ® g,Q). 
Hence the map n : A^(A^C/*) ^- A^(A^C/*),Q i-^- 2^'^('3) ® .9 is a symmetric idempotent and therefore an 
orthogonal projection. Then (|39] | is just the orthogonal decomposition into image and kernel of tt. [h] 

We summerise our consideration so far and a decomposition of 0^(A^[/*) — 5^(A^t/*) © A^(A^[/*). We 
introduce the following vector spaces of tensors: 

S{U*)=Rg@g, 

•H^([/*) = 5o^(C/*)©5, 

n^{U*)^A\U*)(Sg, 

A'*(L/*) = &(S'2(A2c/*)). 



Proposition A.8 The decomposition ^^{A^U*) = S{U*)®H^{U*)®W'^{U*)(SA'^{U*)®H^{U*)®W'^iU*) 
is orthogonal with respect to the natural scalar product for (4, 0)-tensors given as in (|2]). 

Proof. This is a direct consequence of the above considerations. \e\ 

Remark A.9 If C/is 4-dimensionalwehave dim5(C/*) = dimA'^{U*) = l,dimn^{U*) = dimW^(C/*) = 9, 
diraW^iU*) = 10anddim-H'^(C/*) = 6. 



A.2 The Hodge *-Operator 

Now let U denote a 4-dimensional real vector space, equipped with a scalar product g and an orientation. We 
denote the induced volume form by ui^. 

Throughout this section we fix an oriented orthonormal basis Ei, . . . ,E4ofU and for any (4, 0)-tensor Q and any 
(2, 0) -tensor h we denote 

Qtjke = QiEi,Ej,Ek,Ei) and h,j = h{E,,Ej). 

Furthermore uj9(^Ei,Ej,Ek,Ee) = e,,jki and g{E,,Ej) = Sij. 

The Hodge ^-operator is an endomorphism of A^C/* with ** = id^^a. It naturally induces an endomorphism 

idA2 (g)* : {g)^(A2c/*) ^ (g)2(A2t/*). 

Lemma A.IO ForanyP,Q e ^^(A^f/*) we have {P, id/^2 (»*{Q)) = {idj^2 (g)*(P),Q). In other words idj^2 (g)* 
is a self adjoint endomorphism of 0^(A^[/*) C (^^ U* . 

Proof Note that (P, idA2 ® * (Q)) = X) PijkeQtjabeabki = (idA2 * (P), Q). IhI 

CoroIIaryA.il idA2 ®* is an isometry of (A^f/*) as (idA2 (g)*)^ = idA2 idA2 . 

Lemma A.12 Let h and k be a (2, 0)-tensors on U. Then we have: 

a) idA2 (g) * (5 ® g) = 4a;3. 

b) If either of h and k is symmetric, then {h ® g, idA2 (g) * (fc © g)) = 0. 
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c) Ifh and k are both anti-symmetric, then {h © g, idA2 ^ * {k ® g)) = 8{h, *k). 

Proof. For a) we just note that idA2 (g) * (5 © g)ijem = 2 J^i^iaSjb - 5ja5ib)<^aMm = ^<^ijhn- For ai-bitraiy 
(2, 0)-tensors h and k we calculate 

{h ® g, idA2 «) * (/c © g)) = 8 ^ h^jkime-tjim, 

from which b) and c) follow. [5] 

In the following proposition we study to what extent the map idA2 (E)* respects the decomposition from Proposi- 
tion |A|8] The relations which we prove have been found before by Hehl et al. in IIHMMN95i Formula (B.4.35)]. 

Proposition A.13 If we restrict the isometry id/^2 ^* : 0^(A^t/*) — )■ 0^(A^[/*) to the components of the 
decomposition of^ (A^C/*) given in Provosition \A.8\ we the following isomorphisms: 

idA2(g)* :5(t/*) — ^— >A'*(C/*), idj^2 (g)^ : A'^(U*) — ^— > 5(t/*), (40) 

idA2 0* :-H^(t/*) ~ ) W'^iU*), idA2(g)*:W'^iU*) ~ ) U'^iU*), (41) 

idA2 0* : >V^(t/*) ~ > >V^(t/*), idA2®*:-H^(C/*) — ^— > •H'^([/*). (42) 

Proof. First we note that idA2 (Xi* is its own inverse since (idA2 (8)*)^ = idA2 (8) idA2. Lemma PV. 12b ) states that 
idA2 (8* maps a basis of S{U*) to a basis of A'*(C/*). This shows that the two maps in (|40|) have the given range 
and are isomorphisms. 

It is a classical fact liBes87i Chap. 13B] that, if dim((7) = 4, the map idA2 (g* preserves the space yV^{U*) of 
algebraic Weyl tensors and is an isomorphism. 

Next, we show that idA2 »* maps n^{U*) into W^{U*). Let /i ® 5 e n^(U*), i.e. h e S^IJJ*). We will verify 
that idA2 (g) * (/i © 5) is perpendicular to any component of the decomposition from Proposition lA. 81 other than 
W^iU*). For Q e >V^(C/*) we have idA2 ® * (Q) G yy^(J7*) and, therefore, 

(Q, idA2 (g) * (/i © .g)) = (idA2 «) * (Q), /i © 5) = 

as W'5(J7*) and 'H'^{U*) are orthogonal. For w^ e A'*(C/*) one obtains 

(w^, idA2 (g)*{h&g)) = (idA2 (g) * (w^), /i © 5> = (| g © g, /i © 5) = 

as 5(C/*) and U^iU*) are perpendicular. For fc © g e n^{U*) ® n^iU*) Lemma lAl2b ) gives 

(fc © g, idA2 (g * (/i © g)) = 0. 

Hence idA2 g) * ('H'^ ([/*)) c W^{U*). Since dim-H'^(C/*) = dimyV^(C/*) = 9 the first map in gB is an 
isomorphism and the second one as well. 



Finally, since the decomposition from Proposition lA.Sl is orthogonal and idA2 (g)* is an isometry, the second map 
in ( |42] | is also an isomorphism. [S] 

Corollary A.14 ForQ e n^{U*) ® W'^(C/*) we considerthe (2, 0)-tensor 

g = -ic(idA2®*(Q)). 

Then one has trg (g) = OandidA2 g) * (Q) = g © 5. Furthermore we find that q G S^{U*),ifQ e W^([/*),and 
thatg e A2([/*), if Q e n^{U*). 

Proof. Proposition lA. 13l provides the existence and uniqueness of a tracefree q with (idA2 g) * (Q)) — q® g. With 
Lemma lAT2l a) one identifies this q as in the corollary. \s\ 
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A.3 The Norm of Curvature Tensors 

We consider an n-dimensional Riemannian manifold equipped with an orthogonal connection V without Cartan 
type torsion, thus there is a vector field V and a 3-form T such that ([T]i takes the form 

VxY = V^r + {X, Y)V - {V, Y)X + T{X, Y, •)" (43) 

for any vector fields X, Y. 



For a fixed point p (z M we will apply the considerations of section lATI to the tangent space TpM. For convenience 
we introduce the symmetric (2, 0)-tensors g'^, g^ , g^^ on TpM, for X,Y £ TpM they are given by 

g'^{X,Y) = {XjT,YjT), 

g''{X,Y) = {V,X)(V,Y), 



Lemma A.15 The traces of the above (2, 0)-tensors are 

tr,(5^) = llrf , tr,(5^)^|yp, tr,(.g^^) = 2 div''(y). 

Proof. Direct calculation. IhI 

We note that the anti-symmetric (2, 0)-tensors d{V^) on TpM can be written as 

d{v'){x,Y) = (v^y,r) - {\/'yV,x). 

Furthermore, we define the (4, 0)-tensors G^, K^^ and K^'^ on TpM by 

G^iX, Y, Z, W) - {T{Y, Z, ■f,T{X, W, •)«) - (T(X, Z, •)«, T{Y, W, •)«), 
K'^'^iX, Y, Z, W) - (V^T) (r, Z, W) - (Vf-T) {X, Z, W) - (V|T) (X, F, W) + (Vf^T) (X, F, Z), 

K^^{x, Y, z, VF) = (V", X) • r(r, z,w))- {v, y) ■ t{x, z, w) - (t/, z) • t{x, y, w) + {v, w) ■ r(x, y, z). 



Remark A.16 For the Ricci contraction we get c{G^) — g^. Furthermore we see that G^ G S'^{h?TpM*), and 
therefore (id-fe)(G^) G 7^(T;M) 

Remark A.17 We note that y'' A T is a 4-form, and hence it is in the image of the Bianchi map and its Ricci 
contraction vanishes. 

For V, given as in (l43l l. the Riemann curvature tensor ricm is defined as in (|4]i. We note that ricm is anti-symmetric 
in the first and the last pair of its entries. Yet it is not an algebraic curvature tensor in the sense of d37i since in 
general it does not coincide with its symmetrisation 

riem'^(X, F, Z,W)^\ (riem(X, F, Z, W) + riem(Z, W, X, Y)) . 

The anti-symmetric part of the Riemann curvature tensor is accordingly defined as 

riem'^(X, Y, Z,W)^\ (ricm(X, Y, Z, W) - riem(Z, W, X,Y)) , 

which yields the decomposition riem — riem"^ + riem which is orthogonal with respect to the scalar product of 
(4, 0)-tensors. 
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Lemma A.18 The components of the Riemann curvature tensor ofV are 



riem^ = riem'? -i • g^^ ®g+ ^\Vf ■ g <G g - g^ 03 g + \ ■ dT - V^ AT - G^ , (44) 



riem 



K'^'^ - \ ■ d{V^) <& g + {V jT) d^ g + K'^'^ . (45) 



2 -"■ 2 



Proof. This is verified by a lengthy but still elementary calculation. Is] 

Corollary A.19 As ricni'^ e S'^{h?TpM*), it has a component vievti^^^ = (id— &) (ricm'^) in the kernel of the 
Bianchi map and a component rieraf^ — 6(rieni ) in the image: 

rieniL - ricm^ -5 • 5^"" ® 5 + ^I'^P ■ g ® g - g"" & g - (id^b) (G^) e 7^(Tp^f ), 

riemf„, = ^-dT-V^ AT- b{G^) e A%M*. 

Proof. We use A^TpM* = 5^ (A^TpM*) n im(6) and Remarks |A31|AI6] and |Aj7] a 

We can rewrite the definition of the Ricci curvature (|5) as ric = c(riem). Its symmetric and anti-symmetric 
component are defined as ric^(X,y) = i (ric(X, F) + ric(r,X)) andric^(X,y) = i (ric(X, F) - ric(y,X)). 

Remark A.20 One notices that ric — c(ricm ) and ric — c(ricm ). 
Lemma A.21 Wfe have 

riC^ = ric^ + (div»(l^) - (n - 2)\V\^) g + (n - 2) g^ + ^ g^^ - .g^, 
ric^ = -ST + ^ d{V^) + {4-n) (VjT), 

where ST is the codifferential of T, which is given as ST — — Y^^=i ^i-' {'^e'^) ^^^ ^^y orthonormal basis 
El, ... , En (or equivalently ST — — * d*T, if M carries an orientation). 

Proof. The Ricci contractions of (|44] | and (l45T l are evaluated using Lemma lA.151 [5] 

Applying Lemma lA.lSl again. we evaluate the scalar curvature as 

R^tTgijic^) =R3 + 2{n-l)diY^{V)-{n-l){n-2)\V\'^ - \\Tf, (46) 

which agrees with the formula given in UPS 121 Lemma 2.5]. 

For the remainder of this section we assume that M is 4-dimensional. 

Since ricm^^j. is an algebraic curvature tensor it possesses a Ricci decomposition as (l38T l. Its algebraic Weyl tensor 
can be identified with the Weyl curvature of the Levi-Civita connection: 

Lemma A.22 Let dim(Af ) = 4 and let C^ — weyl(ricm^) denote the Weyl curvature of the Levi-Civita connec- 
tion. Then we have 

C^ — weyl(riem^p^). 

Proof. In this situation we have 

weyl(riemfg,) = -^i?g®g+5 ric^ ©5 + riem^„. 

Setting G^ = ^ ll'^'ll^ ff ® ff - 5 5^ ® 5 - (id -6)(G^) we need to show that G^ = 0. We note that G^ is an 
algebraic Weyl tensor, G^ = weyl(— (id — 6)(G^)). (This can easily be verified for the situation riem^ = and 
V = {) where riemf(,j. — —(id — &)(G^).) As the Ricci decomposition is orthogonal we have 

||G^|p = (G^,-(id-6)(G^)) 
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= -{{id-b)C^,G^) 

the last equality holds as C^ e ker(6) . Finally, we note that OPS 121 Lemma A. 1 ] still holds true if one replaces the 
Weyl curvature of the Levi-Civita connection by any algebraic Weyl tensor such as C'^. It states that (C^ , G^) = 

if dim(Af ) =4. 



Corollary A.23 If dim(Af) = 4 the {4, 0) -tensor nonn of ricmfj,^. is given by 
Proof. Since /i(riem£,^) is tracefree Lemma lAiZb ) shows 



riemLlP = r^|P + 2|lric^f-ii?^. 



(/i(riem^„) © g, /i(riem^^,) & g) ^ 8(/i(riem^„), /i(riemf„)) 

= 8(ric^-ii?5,ric^-ii?5) 

= 8||ric^|p-4i?(ric^,g) + ii?2(g,g) 

= 8||ric^||^-2i?2. 
We use the orthogonality of the Ricci decomposition and Lemma PV.22l to finish the proof. [h1 

Lemma A.24 If dim(Af ) — 4 the (4, 0)-tensornorm of riem^-^ is given by 

II riem?„ |p = i ||dr|p + 4 l^p ||T|p - 12 ||yjT|p - 4 {VjdT, T). 
Proof. For any 4-form lu the argument which leads to (62) in UPS 121 shows that 

= {u\ G^) = (fe(^s), G^) - (c.^ 6(G^)). (47) 

Hence (dT, 6(G^)) = (F^ A T, fe(G^)) = (fe(G^), 6(G'^)) = 0. From this we get 

II riem?„ \? = \ Wf + {V^ AT,V^ AT)- {dT, V^ AT). 
Using the definition of the scalar product of (4, 0)-tensors we find 

{V^ AT,V^ AT) ^A \V\^ \\Tf - 12 || VjTf, 

{dT,V^ AT) =A{VjdT,T), 
from which the Lemma follows. \e\ 

B Calculations with Topological Classes 
B.l Euler Characteristics 

We consider a 4-dimensional compact Riemannian manifold M without boundary. Let V be an orthogonal con- 
nection which takes the form of (l43T l. 

Lemma B.l The integral over the square of the norm of the curvature tensor ofW is given by 



f ||ricm||2d.T= / (^R^-^{R3)^ + 2\\iic3f + \\GS\\^+4\\STf + 4\\d{V^ 



\ \\dTf- + 8 |yp ||r||2 - 24 ll^jrf - 8 {VAdT,T)]dx 



2 
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Proof. The classical formula of the Euler characteristics of M (see HBerTOl ) states 



8^2^(M) = / {{Raf - 4|1 ric«' f + \\ ricm^ f) dx, (48) 

and one can show (see UPS 121 Thm. 3.4]) that 

Sn^xiM) = I {R^ - 4|| ric^ f + 4|| ric^ f + || riem^ f - \\ ricm-^ f) dx. (49) 

Hence the difference of the right hand sides of (|49T l and (l4Ft is zero. By adding this difference and using 

II riem |p = || riem |p + || ricm"^ |p we obtain 

II riem \\^ dx = f {R^ - {R^f - 4|| ric^ f + 4|1 ric^ Ip + 4|1 ric» f + 2|1 riem^ f - |1 riem^ Ip) dx. 

M JM 

The Ricci decomposition yields || riem^ |p=:||C^|p + 2|| ric^ ||^ — ^(i?^)^. Furthermore we know || riem ||^ = 
II riem£,, ||2 + || riemf„ ||2. Since jj^j{6T, dV^) dx = /^.^(T, ddV^) dx^Ows have 



({ST,ST) + {dV\dV^)-2{ST,dV^)) dx ^ (||(5T||2 + ||dT/^||2] dx 
Im Jm ^ ' Jm ^ ' 

Then we are able to impose the explicit formulas for all occuring terms (Lemma IA.21I Corollary IA.23I and 
Lemma lA.24b . which finishes the proof. [S] 

B.2 First Pontryagin Class 

We consider a 4-dimensional compact oriented Riemannian manifold M without boundary. Let V be an orthogonal 
connection which takes the form of ( l43T l. Let _Ei , . . . , _E4 be a local orthonormal frame of the tangent bundle TM. 
The curvature 2-forms w.r.t. this frame are defined as 



Riemy = Y^ TiemiEi,E,,Ek,Ee)Ei A E\ 



k,e. 



for i,j = 1, ... ,4. By Chern-Weil theory (see e.g. IIKN69I Chap. XII.4] and IBes87l Chap. 13B]) the 4-form 
^j Ricmij A Riemy is independent of the choice of the frame and integrates to the^r^f Pontryagin class of M 
up to a prefactor: 



pi{M) = -^ j V Riem.j A Riem, 

Jm .■ .- 



T&^ / Z^ \,L aemy , * Riem^ ) dx 



hpj / (riem, idA2 (g) * (riem)) dx. (50) 

Jm 



16lT 

JM 

Now we decompose the curvature tensor of V according Proposition lA.SI 

riem = -^Rg &g-^h^(Qg + Ca + 6(riem'^) - i ric^ ©5 + (riem^ +i riC^ ©g) (51) 

where we have inserted Lemma lA.22l and have denoted h^ = h{riem^^^) — ric'^ —jRg. 

We use Proposition lA.13l and the orthogonality of the decomposition in Proposition lA.SI and obtain 

(riem, idA2 » * (riem)) =(C^, idA2 (g) * (C^)) + j(ric^ &g, idA2 (g) * (ric^ ©5)) 

- ^(riemf„^, idA2 «) * (g © 5)) - (riem^ +i ric^ ©g, idA2 ® * (ft^ © 5)). (52) 

To the authors' knowledge Baekler and Hehl were the first to notice that the density of the first Pontryagin class 
can be put in such a form, see HBHllI Section 3]. 
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Remark B.2 The integral over the second summand of the right hand side of ( |52] ) is 



J / (ric^ ®5, idA2 * (ric^ ®g)) dx ^ A I {d*T, dV^) dx. 
Jm Jm 

Proof. By Lemma lA. 12b ) we have (ric ©5,idA2 (8i*(ric (Qg)) — 8{nc , * ric ). We observe that Ja = —*(i*a 
for any fc-form a, which gives that fj^j{6T, *ST) dx = and Jj^,j{dV^ , *dV^) dx = 0. This leads to 

f {Tic'^,*Tic^)dx= f {ST-dV\*6T~*dV^}dx^2 f {d*T,dV^)dx, 
Jm Jm Jm 

from which the claim follows. IhI 



Remark B.3 For the third summand of the right hand side of (152) we get 

-i|(riemf„,,idA2® * (g®5)> = -f{dT,u:^) + f{T,*V'}. 
Proof. From Lemma lA.12fa ) and Corollary lA.l 9 I we obtain 

(riem?„, idA2 * (g © 5)) = 4(riem?„, uj^) 

= 2{dT, u3) - 4{V^ A T, u3) - A{b{G^), ujS). 
The last term is zero due to ^}, and from {V^ A T, ujS) = 4(T, *V^) the claim follows. [5] 

Remark B.4 The integral over the fourth summand of the right hand side of i5% is 

(riem^+iric'^®5,idA2®*(/i'^©g))dx= f (4:{d*T,dV^) + ^{T,*V^)) dx ^ f ARdT 
' Jm ^ ' Jm 

Proof. Since the Pontryagin class is a topological invariant we get from (ISOl l and (|52] | that 

-167rV(Af) = / (ricm, idA2 ® * (riem)) dx = (C^, idA2 «) * (C^)) dx. 



M J M 



Therefore the last three terms on the right hand side of (l50l integrate to zero. We note that (77, uj^)ll!^ = 24 ry for 
any 4-form 77, and with Remarks IB .2l and rB. 31 we obtain the claim. E 



C Some Traces of the Potential 

In order to evaluate the Seeley-deWitt coefficients for D*D we need to compute several traces involving the 
potential that comes from the Lichnerowicz formula (jH). We only consider the case of a 4-dimensional Riemannian 
spin manifold M. Comparing (O with the Bochner formula (fTO) gives us the potential 

E={-\RS + l\\Tf -|div3(F) + ||\/|2)idE-|dr -9T-1/-9(FjT), (53) 

which acts as an endomorphism of the spinor bundle Y,M. We also need the square of the potential: 

E^ = (~ii?^ + f iirf - 1 diy^(F) + 1 ly^'ids 

+ 2(ii?9-|||T|p +|divS(F)-||yp) (|dr + 9r-v^ + 9(yjr)) 

+ ldT-dT + 81{T-V+ {VjT)f 

+ ^{dT -T -V + T -V ■dT) + ^{dT ■ {V jT) + {V jT) ■ dT) . (54) 

This leads us to the following lemma: 
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Lemma C.l The traces of E and E'^ taken over the spinor bundle are 

trs(S) = -R^ + 3 \\Tf - 6 div»(y) + 18 \V\'^ (55) 

tr^iE^) = 4 (-ii?^ + |||T||2 - I div^(V^) + f l^p)' 

+ I \\dTf - 162 \\VjTf + 54 |yp ||T|p - 18 {VjdT, T) (56) 

Proof. As S7\f has rank 4 we get tis (ids) = 4 and (|55] | follows from (l53T l immediately. 

In order to conclude (l56t from (l54l we take into account that in the Clifford algebra only elements of degree zero 
(i.e. elements proportional to the identity) contribute in the trace. Furthermore we only use cyclicity of the trace 
and the relations for any tangent vector V and any fc-forms a, /3: 

V -a+i-lf+^a-V = -2{Vja), 

trs(a./3) = A(_l)'=(^-+i)/2(a,/3), 

and V ■ a — — {V ao) if a is a 4-form. [n] 

We denote the Riemannian volume form on M by lo^ and we evaluate ix^{E u^) and trs(i?^ w^). 

Lemma C.2 The traces ofEu^ and E"^ tu^ taken over the spinor bundle are 

trs(-Ba;S) = -i(dT,w9)+6(T,*F^) (57) 

tv^{E^ uj^ = (iRS „ |||r||2 + I div^(^) - f \V\') (i {dT, ujO) - 12 (T, W')) (58) 



Proof. Apart from the ingredients mentioned in the proof of Lemma IC7TI we only need that V ■ oj^ = — * V for 
any tangent vector V in order to prove (l5Tt . 



For the proof of (158) we use again that Clifford elements of non-zero degree have trace zero. Therefore, we have 

= trs ((-ii?s + |||T||2 _ I div«(l/) + f |yp)' ids ^«) , 

= trs(|dr-dra;9), 

= tr^{^ {dT -T -V + T -V ■ dT)ujS + ^{dT- (VjT) + (VjT) ■ dT) w^) . 
Since T ■ V + (VjT) — ^(T ■ V — V ■ T) as endomorphisms of spinors we get 

trs ((T • y + {VjT)f a;^) = i trs ((T • V" - t/ • Tf uj^^ = 

when we take into account that V uj^ — —uj^ V and that the trace is cycUc. Therefore the only term in E^ ui^ that 
contributes to the trace is 

2(ii?S-|||T|p +|div3(V^)-||yp) {^dT + 9T-V + 9{V^T)) lo^ . 

Its trace is evaluated in the same way as it is done in the proof of (ISTT i. [S] 

The scalar curvature of the modified connection V given in (|9]l is 

R = Rs + 18div5(y) - 54|Fp - 9||r|p. 

We recall that the Hoist term Ch computed from the connection V (defined originally in fHo96l or as in (7) in 
llPSTTIl ) is given by 



CH = 6dT- 2(r, *V^) cjs - i {\\S+f - \\S- 
21 



\')lo^. 



compare Prop. 2.3 in UPS 111 and its Erratum. For the modified connection V the Hoist term takes the form 

Ch = 18dT-18(T,*F^)w9. 
Using these notations we can rewrite Lemma ICTI and Lemma IC2l 
Proposition C.3 For the traces taken over the spinor bundle one obtains 

trs(S) = -fi?» - ^R, 

J^(2R<' + r] +l\\dTf -162 \\VjTf + M\V\^ \\Tf- 18 {VjdT,T), 



tTs{Euj^) 



^{Ch,lo' 



^ (2i?3 + i?) (Cff,w»). 



(59) 

(60) 

(61) 
(62) 
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